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Abstract
We introduce a general class of four-dimensional effective field theories which include curved space
Galileons and DBI theories possessing nonlinear shift-like symmetries. These effective theories arise
from purely gravitational actions for 3-branes probing higher dimensional spaces. In the simplest
case of a Minkowski brane embedded in a higher dimensional Minkowski background, the resulting
four-dimensional effective field theory is the Galileon one, with its associated Galilean symmetry
and second order equations. However, much more general structures are possible. We construct the
general theory and explicitly derive the examples obtained from embedding maximally symmetric
branes in maximally symmetric ambient spaces. Among these are Galileons and DBI theories with
second order equations that live on de Sitter or anti-de Sitter space, and yet retain the same number
of symmetries as their flat space counterparts, symmetries which are highly non-trivial from the
4d point of view. These theories have a rich structure, containing potentials for the scalar fields,
with masses protected by the symmetries. These models may prove relevant to the cosmology of
both the early and late universe.
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I. INTRODUCTION AND SUMMARY
The possibility that the universe may contain large, and possibly infinite, spatial dimensions
beyond the three we commonly perceive has opened up entirely new avenues to address
fundamental questions posed by particle physics and by cosmology. The precise manner in
which the dynamics of the higher-dimensional space manifests itself in the four dimensional
world depends on the geometry and topology of the extra-dimensional manifold, and the
matter content and action chosen. At low enough energies, the relevant physics is then
captured by a four-dimensional effective field theory with properties inherited from the
specific higher-dimensional model under consideration. The simplest example of this is the
Kaluza-Klein tower – the hierarchy of higher mass states that accompany zero mass particles
when compactifying a five-dimensional theory on a circle. There are, however, much more
exotic possibilities. Many of these describe viable higher-dimensional theories, while others
are merely mathematical tools with which to construct interesting physical four-dimensional
effective field theories.
A particularly interesting and well studied example of a higher-dimensional model is
the Dvali-Gabadadze-Poratti (DGP) model [1], for which the ambient space is a flat 5-
dimensional spacetime in which a Minkowski 3-brane floats, subject to an action consist-
ing merely of two separate Einstein Hilbert terms – one in 5d, and the other only on the
3
brane, constructed from the induced metric there. In an appropriate limit, the result-
ing four-dimensional effective field theory describes gravity plus a scalar degree of freedom
parametrizing the bending of the brane in the extra dimension [2, 3]. The specific form of
the four dimensional action for the scalar inherits a symmetry from a combination of five
dimensional Poincare´ invariance and brane reparametrization invariance. In the small field
limit this symmetry takes a rather simple form and has been called the Galilean symmetry,
with the associated scalar becoming the Galileon [4].
Abstracting from DGP, a four dimensional field theory with this Galilean symmetry is
interesting in its own right. It turns out that there are a finite number of terms, the Galileon
terms, that have fewer numbers of derivatives per field than the infinity of competing terms
with the same symmetries. These terms have the surprising property that, despite the
presence of higher derivatives in the actions, the equations of motion are second order, so that
no extra degrees of freedom are propagated around any background. Much has been revealed
about the Galileon terms, including such useful properties as a non-renormalization theorem
[2, 5, 6], and applications in cosmology [6–14]. The Galileons have been covariantized [15–
17], extended to p-forms [18], and supersymmetrized [19]. Further, it was recently shown
that the general structure of Galileon field theories can be extended to multiple fields, finding
their origins in braneworld constructions with more than one codimension [5, 20–23]. If some
of the resulting symmetries of the four dimensional effective field theory are broken, then
they are related to low energy descriptions of cascading gravity models in which a sequence
of higher dimensional branes are embedded within one another [7, 24–26].
If our universe really is a brane world, then theories of this sort are generic, since they
share, in a certain limit, the symmetries of the Dirac-Born-Infeld (DBI) action. The DBI
action encodes the lowest order dynamics of a brane embedded in higher dimensions, and
provides an important arena within which to study inflation [27, 28], late-time cosmic accel-
eration [29], tunneling [30], and exotic topological defects [31–35]. The Galileon terms can
be thought of as a subset of the higher order terms expected to be present in any effective
field theory of the brane, and which will be suppressed by powers of some cutoff scale. The
Galileons are a special subset in the class of all possible higher order terms because they
contain fewer derivatives per field than competing terms with the same symmetries, and
because they yield second order equations. Crucially, there can exist regimes in which only
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a finite number of Galileon terms are important, and the infinity of other possible terms
within the effective field theory are not (see section II of [5], as well as [3, 36], for more
on this and for examples of such regimes.) This fact, coupled with a non-renormalization
theorem for Galileons and the fact that there are a finite number of such terms, holds out the
hope of computing non-linear facts about the world which are exact quantum mechanically.
Finally, it should be remembered that even if our universe is not a brane world, the same
conclusions follow if one postulates the existence of symmetries of the same form as those
of a brane world.
In this paper, we construct a general class of four-dimensional effective field theories by
writing an action on a 3-brane probing a higher dimensional bulk, of which the Galileon
theory and DBI scalars are special cases. This extends the construction of [37] to its most
general form. We observe that the symmetries inherited by scalar fields in the 4d theory
are determined by isometries of the bulk metric, and are present if and only if the bulk has
isometries. The precise manner in which the symmetries are realized is determined by the
choice of gauge, or foliation, against which brane fluctuations are measured. We derive in
general the symmetries of these effective field theories, and classify the examples that result
when embedding a maximally symmetric brane in a maximally symmetric background. This
approach yields a set of new Galileon-like theories which live on 4d curved space but retain
the same number of non-linear shift-like symmetries as the flat-space Galileons or DBI
theories.
These theories have their own unique properties. For example, in curved space the field
acquires a potential which is fixed by the symmetries – something that is not allowed for the
flat space Galileons. In particular, the scalars acquire a mass of order the inverse radius of
the background, and the value of the mass is fixed by the nonlinear symmetries. Although
not addressed in detail here, allowing for de Sitter solutions on the brane opens up the
possibility of adapting these new effective field theories to cosmological applications such
as inflation or late time cosmic acceleration in such a way that their symmetries ensure
technical naturalness.
The paper is structured as follows. In the next section we discuss general brane actions and
symmetries, and the ways in which these symmetries may be inherited by a four-dimensional
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effective field theory. In section III we then consider constructing actions with second order
equations and explicitly derive all possible terms in such theories. We then provide six
separate examples, exhausting all the maximally symmetric possibilities: a 4d Minkowski
brane embedded in a Minkowski bulk; a 4d Minkowski brane embedded in AdS5; a 4d de
Sitter brane embedded in a Minkowski bulk; a 4d de Sitter brane embedded in dS5; a 4d de
Sitter brane embedded in AdS5; and a 4d Anti-de Sitter brane embedded in AdS5. In each
case, we describe the resulting 4d effective field theories and comment on their structure. In
section V we take the small field limits to obtain Galileon-like theories, discuss their stability,
and compare and contrast these theories with the special case of the original Galileon, before
concluding.
Conventions and notation:
We use the mostly plus metric signature convention. The 3-brane worldvolume coordinates
are xµ, µ = 0, 1, 2, 3, bulk coordinates are XA, A = 0, 1, 2, 3, 5. Occasionally we use 6-
dimensional cartesian coordinates Y A, A = 0, 1, 2, 3, 4, 5, for constructing five dimensional
AdS5 and dS5 as embeddings. Tensors are symmetrized and anti-symmetrized with unit
weight, i.e T(µν) =
1
2
(Tµν + Tνµ), T[µν] =
1
2
(Tµν − Tνµ).
When writing actions for a scalar field pi in curved space with metric gµν and covariant
derivative ∇µ, we use the notation Π for the matrix of second derivatives Πµν ≡ ∇µ∇νpi.
For traces of powers of Π we write [Πn] ≡ Tr(Πn), e.g. [Π] = ∇µ∇µpi, [Π2] = ∇µ∇νpi∇µ∇νpi,
where all indices are raised with respect to gµν . We also define the contractions of powers
of Π with ∇pi using the notation [pin] ≡ ∇pi · Πn−2 · ∇pi, e.g. [pi2] = ∇µpi∇µpi, [pi3] =
∇µpi∇µ∇νpi∇νpi, where again all indices are raised with respect to gµν .
II. GENERAL BRANE ACTIONS AND SYMMETRIES
We begin with a completely general case - the theory of a dynamical 3-brane moving in a
fixed but arbitrary (4+1)-dimensional background. The dynamical variables are the brane
embedding XA(x), five functions of the world-volume coordinates xµ.
The bulk has a fixed background metric GAB(X). From this and the X
A, we may construct
6
the induced metric g¯µν(x) and the extrinsic curvature Kµν(x), via
g¯µν = e
A
µe
B
νGAB(X), (1)
Kµν = e
A
µe
B
ν∇AnB . (2)
Here eAµ =
∂XA
∂xµ
are the tangent vectors to the brane, and nA is the normal vector, de-
fined uniquely (up to a sign) by the properties that it is orthogonal to the tangent vectors
eAµn
BGAB = 0, and normalized to unity n
AnBGAB = 1. (Note that the extrinsic curva-
ture can be written Kµν = e
B
ν∂µnB − eAµeBνΓCABnC , demonstrating that it depends only on
quantities defined directly on the brane and their tangential derivatives.)
We require the world-volume action to be gauge invariant under reparametrizations of the
brane,
δgX
A = ξµ∂µX
A , (3)
where ξµ(x) is the gauge parameter. This requires that the action be written as a diffeomor-
phism scalar, F , of g¯µν and Kµν as well as the covariant derivative ∇¯µ and curvature R¯αβµν
constructed from g¯µν ,
S =
∫
d4x
√−g¯F (g¯µν , ∇¯µ, R¯αβµν , Kµν) . (4)
This action will have global symmetries only if the bulk metric has Killing symmetries. If
the bulk metric has a Killing vector KA(X), i.e. a vector satisfying the Killing equation
KC∂CGAB + ∂AK
CGCB + ∂BK
CGAC = 0 , (5)
then the action will have the following global symmetry under which the XA shift,
δKX
A = KA(X) . (6)
It is straightforward to see that the induced metric and extrinsic curvature, and hence the
action (4), are invariant under (6).
We are interested in creating non-gauge theories with global symmetries from the transverse
fluctuations of the brane, so we now fix all the gauge symmetry of the action. We accom-
plish this by first choosing a foliation of the bulk by time-like slices. We then choose bulk
coordinates such that the foliation is given by the surfaces X5 = constant. The remaining
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π(x)
π = 0
FIG. 1: The field pi measures the brane position with respect to some chosen foliation.
coordinates Xµ can be chosen arbitrarily and parametrize the leaves of the foliation. The
gauge we choose is
Xµ(x) = xµ, X5(x) ≡ pi(x) . (7)
In this gauge, the world-volume coordinates of the brane are fixed to the bulk coordinates of
the foliation. We call the remaining unfixed coordinate pi(x), which measures the transverse
position of the brane relative to the foliation (see Figure 1). This completely fixes the gauge
freedom. The resulting gauge fixed action is then an action solely for pi,
S =
∫
d4x
√−g¯F (g¯µν , ∇¯µ, R¯αβµν , Kµν)∣∣Xµ=xµ, X5=pi . (8)
Global symmetries are physical symmetries that cannot be altered by the unphysical act of
gauge fixing. Thus, if the original action (4) possesses a global symmetry (6), generated by a
Killing vector KA, then the gauge fixed action (8) must also have this symmetry. However,
the form of the symmetry will be different because the gauge choice will not generally be
preserved by the global symmetry. The change induced by KA is
δKx
µ = Kµ(x, pi), δKpi = K
5(x, pi) . (9)
To re-fix the gauge to (7), it is necessary to simultaneously perform a compensating gauge
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transformation with gauge parameter
ξµcomp = −Kµ(x, pi) . (10)
The combined symmetry acting on pi,
(δK + δg,comp)pi = −Kµ(x, pi)∂µpi +K5(x, pi) , (11)
is then a symmetry of the gauge fixed action (8).
A. A special case
We now specialize to a case which includes all the maximally symmetric examples of interest
to us in this paper. This is the case where the foliation is Gaussian normal with respect
to the metric GAB, and the extrinsic curvature on each of the leaves of the foliation is
proportional to the induced metric. With these restrictions, the metric takes the form
GABdX
AdXB = dρ2 + f(ρ)2gµν(x)dx
µdxν , (12)
where X5 = ρ denotes the Gaussian normal transverse coordinate, and gµν(x) is an arbitrary
brane metric. Recall that in the physical gauge (7), the transverse coordinate of the brane
is set equal to the scalar field, ρ(x) = pi(x).
Working in the gauge (7), the induced metric is
g¯µν = f(pi)
2gµν +∇µpi∇νpi . (13)
Defining the quantity
γ =
1√
1 + 1
f2
(∇pi)2
, (14)
the square root of the determinant and the inverse metric may then be expressed as
√−g¯ = √−gf 4
√
1 +
1
f 2
(∇pi)2 = √−gf 4 1
γ
, (15)
and
g¯µν =
1
f 2
(
gµν − γ2∇
µpi∇νpi
f 2
)
. (16)
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The tangent vectors are
eAµ =
∂XA
∂xµ
=
δ
ν
µ A = ν
∇µpi A = 5
. (17)
To find the normal vector nA we solve the two equations
0 = eAµn
BGAB = f
2nνgµν + n
5∂µpi, (18)
1 = nAnBGAB =
1
f 2
gµν∂µpi∂νpi(n
5)2 + (n5)2 , (19)
to obtain
nA =
−
1
f2
γ∇µpi A = µ
γ A = 5
, nA =
−γ∇µpi A = µγ A = 5 . (20)
Using the non-vanishing Christoffel symbols Γλµν = Γ
λ
µν(g), Γ
5
µν = −ff ′gµν , Γµν5 = δµν f
′
f
, the
extrinsic curvature is then
Kµν = γ
(
−∇µ∇νpi + ff ′gµν + 2f
′
f
∇µpi∇νpi
)
. (21)
Note that when the 4d coordinates have dimensions of length, pi has mass dimension −1
and f is dimensionless.
The algebra of Killing vectors of GAB contains a natural subalgebra consisting of the Killing
vectors for which K5 = 0. This is the subalgebra of Killing vectors that are parallel to the
foliation of constant ρ surfaces, and it generates the subgroup of isometries which preserve
the foliation. We choose a basis of this subalgebra and index the basis elements by i,
KAi (X) =
K
µ
i (x) A = µ
0 A = 5
, (22)
where we have written Kµi (x) for the A = µ components, indicating that these components
are independent of ρ. To see that this is the case, note that, for those vectors with K5 = 0,
the µ5 Killing equations (5) tell us that Kµi (x) is independent of ρ. Furthermore, the µν
Killing equations tell us that Kµi (x) is a Killing vector of gµν .
We now extend our basis of this subalgebra to a basis of the algebra of all Killing vectors by
appending a suitably chosen set of linearly independent Killing vectors with non-vanishing
K5. We index these with I, so that (Ki, KI) is a basis of the full algebra of Killing vectors.
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From the 55 component of Killing’s equation, we see that K5 must be independent of ρ, so
we may write K5(x).
A general global symmetry transformation thus reads
δKX
A = aiKAi (X) + a
IKAI (X) , (23)
where ai and aI are arbitrary constant coefficients of the transformation. In the gauge (7),
the transformations become, from (11),
(δK + δg,comp)pi = −aiKµi (x)∂µpi + aIK5I (x)− aIKµI (x, pi)∂µpi . (24)
From this, we see that the Ki symmetries are linearly realized, whereas the KI are realized
nonlinearly. Thus, the algebra of all Killing vectors is spontaneously broken to the subalgebra
of Killing vectors preserving the foliation.
B. Maximally symmetric cases
In this paper, we will focus on the case in which the 5d background metric has 15 global
symmetries, the maximal number. Thus, the bulk is either 5d anti-de Sitter space AdS5
with isometry algebra so(4, 2), 5d de-Sitter space dS5 with isometry algebra so(5, 1), or flat
5d Minkowski space M5 with isometry algebra the five dimensional Poincare algebra p(4, 1).
In addition, we focus on the case where the brane metric gµν , and hence the extrinsic
curvature, are maximally symmetric, so that the unbroken subalgebra has the maximal
number of generators, 10. This means that the leaves of the foliation are either 4d anti-
de Sitter space AdS4 with isometry algebra so(3, 2), 4d de-Sitter space dS4 with isometry
algebra so(4, 1), or flat 4d Minkowski space M4 with isometry algebra the four dimensional
Poincare algebra p(3, 1). In fact, there are only 6 such possible foliations of 5d maximally
symmetric spaces by 4d maximally symmetric time-like slices, such that the metric takes
the form (12). Flat M5 can be foliated by flat M4 slices or by dS4 slices; dS5 can be foliated
by flat M4 slices, dS4 slices, or AdS4 slices; and AdS5 can only be foliated by AdS4 slices.
Each of these 6 foliations, through the construction leading to (8), will generate a class of
theories living on an AdS4, M4 or dS4 background and having 15 global symmetries broken
to the 10 isometries of the brane. These possibilities are summarized in Figure 2.
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AdS4
AdS5
M5
M4 dS4
dS5
Small field limit
AdS galileons normal galileons dS galileons
DBI galileons
Conformal
DBI galileons
AdS
dS DBI galileons
type I
type II
type III
dS DBI galileons
dS DBI galileons
DBI galileons
Brane metric
A
m
bi
en
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ric
so(4, 2)→ so(3, 2) so(4, 2)→ p(3, 1) so(4, 2)→ so(4, 1)
p(4, 1)→ p(3, 1) p(4, 1)→ so(4, 1)
so(5, 1)→ so(4, 1)
f(π) = R sinh2 (ρ/R)f(π) = R cosh2 (ρ/R)
f(π) = R sin2 (ρ/R)
f(π) = πf(π) = 1
f(π) = e−π/R
FIG. 2: Types of maximally symmetric embedded brane effective field theories, their symmetry
breaking patterns, and functions f(pi). The relationships to the Galileon and DBI theories are also
noted.
It should be noted that the missing squares in Figure 2 may be filled in if we are willing
to consider a bulk which has more than one time direction1. For example, it is possible to
embed AdS4 into a five-dimensional Minkowski space with two times (indeed, this is the
standard way of constructing AdS spaces). From the point of view that the bulk is physical,
and hence should be thought of as dynamical, these possibilities may be unacceptable on
physical grounds. However, if one thinks of the bulk as merely a mathematical device for
constructing novel four-dimensional effective theories, then there is nothing a priori to rule
out these possibilities. In this paper, we focus on those cases in which the bulk has only one
1 We thank Sergei Dubovsky for pointing this out.
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time dimension. The construction in the other cases will, however, follow the same pattern.
Finally, note that the only invariant data that go into constructing a brane theory are the
background metric and the action. Theories with the same background metric and the
same action are isomorphic, regardless of the choice of foliation (which is merely a choice
of gauge). For example, given the same action among the theories listed in Figure 2, the
three that have an AdS5 background, namely the conformal DBI Galileons, the AdS4 DBI
Galileons, and the type III dS4 DBI Galileons, are really the same theory. They are related
by choosing a different foliation (gauge), shuffling the background pi configuration into the
background metric.
III. ACTIONS WITH SECOND ORDER EQUATIONS OF MOTION
Up until now we have discussed the degrees of freedom and their symmetries, but it is the
choice of action that defines the dynamics. A general choice for the function F in (8) will
lead to scalar field equations for pi which are higher than second order in derivatives. When
this is the case, the scalar will generally propagate extra degrees of freedom which are ghost-
like [38, 39]. The presence of such ghosts signifies that either the theory is unstable, or the
cutoff must be lowered so as to exclude the ghosts. Neither of these options is particularly
attractive, and so it is desirable to avoid ghosts altogether. It is the Galileon terms which are
special because they lead to equations of at most second order. Furthermore, as mentioned
in the introduction, there can exist regimes in which the Galileon terms dominate over all
others, so we will be interested only in these terms.
A key insight of de Rham and Tolley [37] is that there are a finite number of actions of
the type (8), the Lovelock terms and their boundary terms, that do in fact lead to second
order equations for pi and become the Galileon terms. The possible extensions of Einstein
gravity which remain second order are given by Lovelock terms [40]. These terms are specific
combinations of powers of the Riemann tensor which are topological (i.e. total derivatives)
in some specific home dimension, but in lower dimensions have the property that equations
of motions derived from them are second order. (For a short summary of some properties
of these terms, see Appendix B of [5].) The Lovelock terms come with boundary terms. It
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is well known that, when a brane is present, bulk gravity described by the Einstein-Hilbert
Lagrangian should be supplemented by the Gibbons-Hawking-York boundary term [41, 42]
S =
∫
M
d5X
√−GR[G] + 2
∫
d4x
√−g¯K . (25)
Similarly, Lovelock gravity in the bulk must be supplemented by brane terms which depend
on the intrinsic and extrinsic curvature of the brane (the so-called Myers terms [43, 44]),
which are needed in order to make the variational problem for the brane/bulk system well
posed [45]. Of course we are not considering bulk gravity to be dynamical, but the point
here is that these boundary terms also yield second order equations of motion for pi in the
construction leading to (8).
The prescription of [37] is then as follows: on the 4-dimensional brane, we may add the first
two Lovelock terms, namely the cosmological constant term ∼ √−g¯ and the Einstein-Hilbert
term ∼ √−g¯R[g¯]. (The higher Lovelock terms are total derivatives in 4-dimensions.) We
may also add the boundary term corresponding to a bulk Einstein-Hilbert term,
√−g¯K,
and the boundary term LGB corresponding to the Gauss-Bonnet Lovelock invariant R2 −
4RµνR
µν + RµναβR
µναβ in the bulk. The zero order cosmological constant Lovelock term
in the bulk has no boundary term (although as we will see, we may construct a fifth term,
the tadpole term, from it) and the higher order bulk Lovelock terms vanish identically.
Therefore, in total, for a 3-brane there are four possible terms (five including the tadpole)
which lead to second order equations. These are the terms we focus on.
A. The tadpole term
As mentioned, there is one term that contains no derivatives of pi and is not of the form (8).
This Lagrangian is called the tadpole term, denoted by A(pi). The value of the tadpole
action is the proper 5-volume between some ρ = constant surface and the position of the
brane,
S1 =
∫
d4x
∫ pi
dpi′
√−G =
∫
d4x
√−g
∫ pi
dpi′f(pi′)4, (26)
so that
L1 =
√−gA(pi), A(pi) =
∫ pi
dpi′f(pi′)4. (27)
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Note that A′(pi) = f(pi)4.
Under a general nonlinear symmetry δKpi = K
5(x)−Kµ(x, pi)∂µpi of the type (24), its change
is
δKL1 =
√−gA′(pi)δKpi =
√−gf 4 (K5(x)−Kµ(x, pi)∂µpi) . (28)
Using the Killing equation (5), it is straightforward to check directly that a general variation
of the right-hand side vanishes, demonstrating that the change in the tadpole term under
the symmetry transformation is a total derivative. Thus the tadpole term has the same
symmetries as the other terms.
B. Explicit expressions for the terms
Including the tadpole term there are thus five terms that lead to second order equations for
pi,
L1 =
√−g
∫ pi
dpi′f(pi′)4,
L2 = −
√−g¯ ,
L3 =
√−g¯K ,
L4 = −
√−g¯R¯ ,
L5 = 3
2
√−g¯KGB , (29)
where the explicit form of the Gauss-Bonnet boundary term is
KGB = −1
3
K3 +K2µνK −
2
3
K3µν − 2
(
R¯µν − 1
2
R¯g¯µν
)
Kµν . (30)
Indices are raised and traces are taken with g¯µν . At this stage, each of these terms would
appear in a general Lagrangian with an arbitrary coefficient. As we will see later, requiring
stability will, however, force certain choices on us in specific examples.
En route to presenting specific examples of our new theories, we now evaluate these terms
on the special case metric (12). We make use of formulae catalogued in Appendix A. Our
strategy is to collect coefficients of f ′′, f ′, f ′2 and f ′3, eliminate everywhere (∂pi)2 in favor
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of γ = 1√
1+ 1
f2
(∂pi)2
, and then to group like terms by powers of γ. A lengthy calculation yields
L1 =
√−g
∫ pi
dpi′f(pi′)4,
L2 = −
√−gf 4
√
1 +
1
f 2
(∂pi)2,
L3 =
√−g [f 3f ′(5− γ2)− f 2[Π] + γ2[pi3]] ,
L4 = −
√−g
{
1
γ
f 2R− 2γRµν∇µpi∇νpi
+γ
[
[Π]2 − [Π2] + 2γ
2
f 2
(−[Π][pi3] + [pi4])]+ 6f 3f ′′
γ
(−1 + γ2)
+2γff ′
[
−4[Π] + γ
2
f 2
(
f 2[Π] + 4[pi3]
)]− 6f 2f ′2
γ
(
1− 2γ2 + γ4)} ,
L5 = 3
2
√−g
{
R
[
3ff ′ − [Π] + γ
2
f 2
(−f 3f ′ + [pi3])]− 2γ2
f 2
Rµναβ∇µpi∇αpiΠνβ
+2Rµν
[
Πµν +
γ2
f 2
(
(−3ff ′ + [Π])∇µpi∇νpi − 2Πα(µ∇ν)pi∇αpi
)]
−γ
2
f 2
[
2
3
(
[Π]3 − 3[Π][Π2] + 2[Π3])+ 2γ2
f 2
(−[pi3]([Π]2 − [Π2]) + 2[Π][pi4]− 2[pi5])]
+4ff ′′
[
−3ff ′ + [Π] + γ
2
f 2
(
3f 3f ′ − f 2[Π]− [pi3])]− 2ff ′3 (9− 11γ2 + 6γ4)
+2f ′2
[
[Π]− γ
2
f 2
(
8f 2[Π] + [pi3]
)
+ 2
γ4
f 2
(
2f 2[Π] + 5[pi3]
)]
+2γ2
f ′
f
[
3
(
[Π]2 − [Π2])− γ2
f 2
(
f 2([Π]2 − [Π2]) + 6([Π][pi3]− [pi4]))]} .
(31)
The quantities [Πn] and [pin] are various contractions of derivatives of the pi field, and the
notation is explained in the conventions at the end of Section I. In these expressions, all
curvatures are those of the metric gµν , and all derivatives are covariant derivatives with
respect to gµν . We point out that no integrations by parts have been performed in obtaining
these expressions.
The equations of motion derived from any of these five terms will contain no more than two
derivatives on each field, ensuring that no extra degrees of freedom propagate around any
background. After suitable integrations by parts, these actions should therefore conform
to the general structure presented in [17] for actions of a single scalar with second order
equations (see also the Euler hierarchy constructions [46–49]). In the above construction,
however, we can immediately identify the nonlinear symmetries by reading them off from
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the isometries of the bulk.
Finally, we note that by keeping the metric gµν in (12) arbitrary rather than fixing it to the
foliation, we can automatically obtain the covariantizaton of these various Galileon actions,
including the non-minimal curvature terms required to keep the equations of motion second
order, the same terms obtained by purely 4-d methods in [15–17]. Of course, this in general
ruins the symmetries we are interested in considering. But from this point of view, we can
see exactly when such symmetries will be present. The symmetries will only be present if
the gµν which is used to covariantly couple is such that the full metric (12) has isometries.
IV. MAXIMALLY SYMMETRIC EXAMPLES
We now proceed to construct explicitly the maximally symmetric examples catalogued in
Section II B and Figure 2. The construction starts by finding coordinates which are adapted
to the desired foliation, so that the metric in the bulk takes the form (12), allowing us to
read off the function f(pi). Plugging into (31) then gives us the explicit Lagrangians. To
find the form of the global symmetries, we must write the explicit Killing vectors in the
bulk, and identify those which are parallel and not parallel to the foliation. We may then
read off the symmetries from (24).
The construction for each case is similar, and some of the results are related by analytic
continuation, but there are enough differences in the forms of the embeddings and the Killing
vectors that we thought it worthwhile to display each case explicitly. The reader interested
only in a given case may skip directly to it.
A. A Minkowski brane in a Minkowski bulk: M4 in M5 – DBI Galileons
Choosing cartesian coordinates (xµ, ρ) on M5, the foliation of M5 by M4 is simply given by
ρ = constant slices, and the metric takes the form
ds2 = (dρ)2 + ηµνdx
µdxν . (32)
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Comparing this to (12), we obtain
f(pi) = 1, gµν = ηµν , (33)
and the terms (31) become (again, without integration by parts)
L1 = pi,
L2 = −
√
1 + (∂pi)2 ,
L3 = − [Π] + γ2
[
pi3
]
,
L4 = −γ
(
[Π]2 − [Π2])− 2γ3 ([pi4]− [Π] [pi3]) ,
L5 = −γ2
(
[Π]3 + 2
[
Π3
]− 3 [Π] [Π2])− γ4 (6 [Π] [pi4]− 6 [pi5]− 3 ([Π]2 − [Π2]) [pi3]) ,
(34)
where γ = 1√
1+(∂pi)2
. These are the DBI Galileon terms, first written down in [37] and
further studied in [50].
1. Killing vectors and symmetries
The Killing vectors of 5d Minkowski space are the 10 boosts LAB = XA∂B −XB∂A, and the
5 translations PA = −∂A. The 6 boosts Jµν and the 4 translations Pµ are parallel to the
foliation and form the unbroken p(3, 1) symmetries of M4. The 5 broken generators are
K ≡ −P5 = ∂ρ, (35)
Kµ ≡ Lµ5 = xµ∂ρ − ρ∂µ . (36)
Using the relation δKpi = K
5(x) − Kµ(x, pi)∂µpi from (24), we obtain the transformation
rules
δpi = 1,
δµpi = xµ + pi∂µpi , (37)
under which the terms (34) are each invariant up to a total derivative. The symmetry
breaking pattern is
p(4, 1)→ p(3, 1) . (38)
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B. A Minkowski brane in an anti-de Sitter bulk: M4 in AdS5 – Conformal Galileons
In this section, indices A,B, · · · run over six values 0, 1, 2, 3, 4, 5 and Y A are cartesian coordi-
nates in an ambient 6d two-time Minkowski space with metric ηAB = diag(−1,−1, 1, 1, 1, 1),
which we call M4,2.
Five dimensional anti-de Sitter space AdS5 (more precisely, a quotient thereof) can be de-
scribed as the subset of points (Y 0, Y 1, Y 2 . . . , Y 5) ∈ M4,2 in the hyperbola of one sheet
satisfying
ηABY AY B = −(Y 0)2 − (Y 1)2 + (Y 2)2 + · · ·+ (Y 5)2 = −R2 , (39)
with R > 0 the radius of curvature of AdS5, and where the metric is induced from the flat
metric on M4,2. This space is not simply connected, but its universal cover is AdS5. The
scalar curvature R and cosmological constant Λ are given by R = − 20R2 , Λ = − 6R2 .
We use Poincare coordinates (ρ, xµ) on AdS5 which cover the region Y
0 + Y 2 > 0,
Y 0 = R cosh
( ρ
R
)
+
1
2Re
−ρ/Rx2 ,
Y 1 = e−ρ/Rx0 ,
Y 2 = −R sinh
( ρ
R
)
− 1
2Re
−ρ/Rx2 ,
Y i+2 = e−ρ/Rxi , i = 1, 2, 3 , (40)
where x2 ≡ ηµνxµxν , and ηµν = diag(−1, 1, 1, 1) is the Minkowski 4-metric. The coordinates
u and xµ all take the range (−∞,∞). Lines of constant ρ foliate the Poincare patch of AdS5
with Minkowski M4 time-like slices, given by intersecting the planes Y
0 + Y 2 = constant
with the hyperbola.
The induced metric is
ds2 = dρ2 + e−2ρ/Rηµνdxµdxν . (41)
Comparing this with (12) we obtain
f(pi) = e−pi/R, gµν = ηµν , (42)
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and the terms (31) become (without integration by parts)
L1 = −R
4
e−4pi/R ,
L2 = −e−4pi/R
√
1 + e2pi/R(∂pi)2 ,
L3 = γ2[pi3]− e−2pi/R[Π] + 1Re
−4pi/R(γ2 − 5) ,
L4 = −γ([Π]2 − [Π2])− 2γ3e2pi/R([pi4]− [Π][pi3])
+
6
R2 e
−4pi/R 1
γ
(
2− 3γ2 + γ4)+ 8Rγ3[pi3]− 2Re−2pi/Rγ (4− γ2) [Π] ,
L5 = −γ2e2pi/R
(
[Π]3 − 3[Π][Π2] + 2[Π3])
−3γ4e4pi/R [2([Π][pi4]− [pi5])− ([Π]2 − [Π2])[pi3]]
+
18
R e
2pi/Rγ4([Π][pi3]− [pi4])− 3Rγ
2(3− γ2)([Π]2 − [Π2])
− 3R2γ
2(3− 10γ2)[pi3]− 3R2 e
−2pi/R(−3 + 10γ2 − 4γ4)[Π]
+
3
R3 e
−4pi/R(15− 17γ2 + 6γ4) ,
(43)
where
γ =
1√
1 + e2pi/R(∂pi)2
. (44)
These are the conformal DBI Galileons, first written down in [37].
1. Killing vectors and symmetries
The 15 Lorentz generators of M4,2; MAB = YA∂¯B − YB∂¯A (here ∂¯A are the coordinate basis
vectors in the ambient space M4,2, and indices are lowered with the M4,2 flat metric ηAB) are
all tangent to the AdS5 hyperboloid, and become the 15 isometries of the so(4, 2) isometry
algebra of AdS5. Of these, 10 have no ∂ρ components and are parallel to the M4 foliation.
These form the unbroken p(3, 1) isometry algebra of the M4 slices.
First we have
Y i+2∂¯1 + Y
1∂¯i+2 → xi∂0 + x0∂i, i = 1, 2, 3, (45)
Y i+2∂¯j+2 − Y j+2∂¯i+2 → xi∂j − xj∂i, i, j = 1, 2, 3, (46)
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which taken together are the 6 Lorentz transformations Lµν = xµ∂ν − xν∂µ of the xµ.
For the remaining 4, we focus on
− Y 1∂¯0 + Y 0∂¯1 → x0∂ρ +
[R
2
(
1 + e
2ρ
R
)
+
1
2Rx
2
]
∂0 +
1
Rx
0xµ∂µ ,
−Y i+2∂¯0 − Y 0∂¯i+2 → xi∂ρ +
[
−R
2
(
1 + e
2ρ
R
)
− 1
2Rx
2
]
∂i +
1
Rx
ixµ∂µ , i = 1, 2, 3 ,
−Y 2∂¯1 − Y 1∂¯2 → x0∂ρ +
[
−R
2
(
1− e 2ρR
)
+
1
2Rx
2
]
∂0 +
1
Rx
0xµ∂µ ,
−Y i+2∂¯2 + Y 2∂¯i+2 → xi∂ρ +
[R
2
(
1− e 2ρR
)
− 1
2Rx
2
]
∂i +
1
Rx
ixµ∂µ , i = 1, 2, 3 , (47)
which may be grouped as
Vµ = xµ∂ρ +
[
−R
2
(
1 + e
2ρ
R
)
− 1
2Rx
2
]
∂µ +
1
Rxµx
ν∂ν , µ = 0, 1, 2, 3
V ′µ = xµ∂ρ +
[R
2
(
1− e 2ρR
)
− 1
2Rx
2
]
∂µ +
1
Rxµx
ν∂ν , µ = 0, 1, 2, 3 .
(48)
If we now take the following linear combinations,
Pµ =
1
R(Vµ − V
′
µ) = −∂µ , (49)
Kµ = (Vµ + V
′
µ) = 2xµ∂ρ −
[
Re 2ρR + 1Rx
2
]
∂µ +
2
Rxµx
ν∂ν , (50)
the Pµ are the translations on the x
µ, the remaining 4 unbroken vectors.
The Kµ are broken generators and, in addition, there is one more broken vector,
−Y 2∂¯0 − Y 0∂¯2 = R∂ρ + xµ∂µ . (51)
Using the relation δKpi = K
5(x) − Kµ(x, pi)∂µpi from (24), we obtain the transformation
rules for the pi field from this and from the Kµ as
δpi = R− xµ∂µpi,
δµpi = 2xµ +
[
Re 2piR + 1Rx
2
]
∂µpi − 2Rxµx
ν∂νpi . (52)
The terms (43) are each invariant up to a total derivative under these transformations, and
the symmetry breaking pattern is
so(4, 2)→ p(3, 1) . (53)
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C. A de Sitter brane in a Minkowski bulk: dS4 in M5
We describe the Minkowski bulk with the usual metric in cartesian coordinates
ds2 = ηABX
AXB = −(dX0)2 + (dX1)2 + (dX2)2 + (dX3)2 + (dX4)2 . (54)
The region ηABX
AXB > 0 (i.e. outside the lightcone) can be foliated by de Sitter slices. To
see this, we use Rindler coordinates which cover this region,
X0 = r sinh τ,
X1 = ρ cosh τ cos θ1 ,
X2 = ρ cosh τ sin θ1 cos θ2 ,
X3 = ρ cosh τ sin θ1 sin θ2 cos θ3 ,
X4 = ρ cosh τ sin θ1 sin θ2 sin θ3 , (55)
where ρ ∈ (0,∞), τ ∈ (−∞,∞), and the θi (i = 1, 2, 3) parametrize a 3 sphere. The metric
in Rindler coordinates is then
ds2 = dρ2 + ρ2
[−dτ 2 + cosh2 τ dΩ2(3)] . (56)
This metric is ds2 = dρ2 + ρ2ds2dS4 , where ds
2
dS4
is the global metric on a unit radius 4d
de Sitter space. The foliation by dS4 thus corresponds to ρ = constant surfaces (or to
−(X0)2 + (X i)2 = constant > 0 in cartesian coordinates).
Comparing this with (12), we obtain
f(pi) = pi, gµν = g
(dS4)
µν , (57)
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and the terms (31) become (without any integrations by parts)
L1 = 1
5
√−gpi5 ,
L2 = −
√−gpi4
√
1 +
1
pi2
(∂pi)2 ,
L3 =
√−g [pi3(5− γ2)− pi2[Π] + γ2[pi3]] ,
L4 =
√−g γ
[
−[Π]2 + [Π2] + 8pi[Π]− 18pi2 − 2γ
2
pi2
(
[pi4] + 4pi[pi3]− 3pi4 − [Π][pi3] + pi3[Π])] ,
L5 =
√−g γ
2
pi2
[
− [Π]3 + 3[Π][Π2]− 2[Π3] + 9pi([Π]2 − [Π2]) + 42pi3 − 30pi2[Π]
+3
γ2
pi2
(
([Π]2 − [Π2])[pi3] + 2[pi5] + 6pi[pi4] + 10pi2[pi3]− pi3([Π]2 − [Π2])
−6pi5 − 2[Π]([pi4] + 3pi[pi3]− 2pi4)]) ] , (58)
where the background metric and covariant derivatives are those of unit-radius 4d de Sitter
space, and
γ =
1√
1 + 1
pi2
(∂pi)2
. (59)
Note that, since we have chosen the 4d space to be a unit-radius dS4 with dimensionless
coordinates, pi and f have mass dimension −1. In evaluating (58), we have used that the
scalar curvature and cosmological constant of this space are R = 12 and Λ = 3 respectively,
and used the relations Rµναβ =
R
12
(gµαgνβ − gµβgνα), and Rµν = R4 gµν , valid for a maximally
symmetric space. It is possible, of course, to rescale the coordinates, canonically normalize
the field, and/or rescale f to bring these quantities to their usual dimensions. Given a
suitable combinations of these Lagrangians so that a constant field pi(x) = pi0 = constant is
a solution to the equations of motion, pi0 sets the radius of the de Sitter brane in its ground
state.
We call these Type II de Sitter DBI Galileons (see Figure 2), and they are our first example of
a Galileon that lives on curved space yet still retains the same number of shift-like symmetries
as their flat space counterparts.
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1. Killing vectors and symmetries
The 10 Lorentz transformations of M5 are parallel to the de Sitter slices and become the un-
broken so(4, 1) isometries of dS4. The 5 translations are not parallel and will be nonlinearly
realized.
With a future application to cosmology in mind, we will calculate the transformation laws
explicitly using conformal inflationary coordinates (u, yi) on the de Sitter slices, even though
these coordinates only cover half of each de Sitter slice. The embedding becomes
X0 =
ρ
2u
(
1− u2 + y2) ,
X1 =
ρ
2u
(
1 + u2 − y2) ,
X i+1 =
ρyi
u
, i = 1, 2, 3 , (60)
where y2 ≡ δijyiyj, and the coordinate ranges are ρ ∈ (0,∞), u ∈ (0,∞), yi ∈ (−∞,∞).
The metric takes the form
ds2 = dρ2 + ρ2
[
1
u2
(−du2 + dy2)] , (61)
so that the dS4 slices have conformal inflationary coordinates, with u the conformal time.
We are interested in the form of the nonlinear symmetries stemming from the broken trans-
lation generators of M5. In the coordinates (60), the broken Killing vectors ∂¯A are
∂¯0 =
1
2u
(−1 + u2 − y2) ∂ρ − 1
2ρ
(
1 + u2 + y2
)
∂u − u
ρ
yi∂i , (62)
∂¯1 =
1
2u
(
1 + u2 − y2) ∂ρ − 1
2ρ
(−1 + u2 + y2) ∂u − u
ρ
yi∂i , (63)
∂¯i =
yi
u
∂ρ +
yi
ρ
∂u +
u
r
∂i, i = 1, 2, 3 . (64)
Taking the following linear combinations
K+ = ∂¯0 + ∂¯1 =
1
u
(
u2 − y2) ∂ρ − 1
ρ
(
u2 + y2
)
∂u − 2u
ρ
yi∂i , (65)
K− = ∂¯0 − ∂¯1 = −1
u
∂ρ − 1
ρ
∂u , (66)
Ki = ∂¯i =
yi
u
∂ρ +
yi
ρ
∂u +
u
ρ
∂i , (67)
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and using the relation δKpi = K
5(x)−Kµ(x, pi)∂µpi from (24), we then obtain the transfor-
mation rules
δ+pi =
1
u
(
u2 − y2)+ 1
pi
(
u2 + y2
)
pi′ +
2u
pi
yi∂ipi ,
δ−pi = −1
u
+
1
pi
pi′ ,
δipi =
yi
u
− yi
pi
pi′ − u
pi
∂ipi , (68)
where pi′ ≡ ∂upi.
The terms (58) are each invariant up to a total derivative under these transformations, and
the symmetry breaking pattern is
p(4, 1)→ so(4, 1) . (69)
D. A de Sitter brane in a de Sitter bulk: dS4 in dS5
In this section, indices A,B, · · · run over six values 0, 1, 2, 3, 4, 5 and Y A are coordinates in
an ambient 6d Minkowski space with metric ηAB = diag(−1, 1, 1, 1, 1, 1), which we call M6.
Five-dimensional de Sitter space dS5 can be described as the subset of points
(Y 0, Y 1, Y 2 . . . , Y 5) ∈M6 in the hyperbola of one sheet satisfying
ηABY AY B = −(Y 0)2 + (Y 1)2 + (Y 2)2 + · · ·+ (Y 5)2 = R2 , (70)
with the metric induced from the metric on M6, for some constant R > 0, the radius of
curvature of the dS5. The scalar curvature R and cosmological constant Λ are given by
R = 20/R2 and Λ = 6/R2, respectively.
We use coordinates in which the constant ρ surfaces are the intersections of the planes
Y 1 = constant with the hyperbola, and are themselves four-dimensional de Sitter spaces
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dS4,
Y 0 = R sin ρ sinh τ , (71)
Y 1 = R cos ρ , (72)
Y 2 = R cosh τ sin ρ cos θ1 , (73)
Y 3 = R cosh τ sin ρ sin θ1 cos θ2 , (74)
Y 4 = R cosh τ sin ρ sin θ1 sin θ2 cos θ3 , (75)
Y 5 = R cosh τ sin ρ sin θ1 sin θ2 sin θ3 . (76)
(77)
Here τ ∈ (−∞,∞), ρ ∈ (0, pi) and θi, i = 1, 2, 3 parametrize a 3-sphere. These coordinates
cover the region 0 < Y 1 < R, 0 < Y 2 < R.
The metric is
dx2 = R2 [dρ2 + sin2 ρ (−dτ 2 + cosh2 τ dΩ(3))] . (78)
Scaling ρ so that it lies in the range (0, piR), the metric becomes ds2 = dρ2+R2 sin2 ( ρR) ds2dS4 ,
where ds2dS4 is the global metric on a four-dimensional de Sitter space dS4 of unit radius.
The foliation by dS4 thus corresponds to ρ = constant surfaces. These slices are given by
intersecting the planes Y 1 = constant with the hyperbola, for values 0 < Y 1 < R. (By
taking ρ < 0 we cover instead −R < Y 2 < 0. This is the maximum extent to which we may
extend the foliation.)
Comparing this with (12), we obtain
f(pi) = R sin(pi/R), gµν = g(dS4)µν , (79)
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and the terms (31) become (using no integrations by parts)
L1 =
√−gR
4
32
(
12 pi − 8R sin
(
2pi
R
)
+R sin
(
4pi
R
))
, (80)
L2 = −
√−gR
4
γ
sin4
( pi
R
)
, (81)
L3 =
√−g
[
γ2[pi3]−R2[Π] sin2
( pi
R
)
+R3(5− γ2) sin3
( pi
R
)
cos
( pi
R
)]
, (82)
L4 =
√−g
[
2γ3
R2
(
[Π][pi3]− [pi4]) csc2 ( piR)− γ
(
[Π]2 − [Π2] + 8γ
2
R [pi
3] cot
( pi
R
))
(83)
+Rγ(4− γ2)[Π] sin
(
2pi
R
)
+
3R2
γ
sin2
( pi
R
)(
−2− 3γ2 + γ4 + (2− 3γ2 + γ4) cos
(
2pi
R
))]
,
L5 =
√−g
[
3γ4
R4
(
2([pi5]− [Π][pi4]) + [pi3]([Π]2 − [Π2])) csc4 ( piR) (84)
−18γ
4
R3
(
[Π][pi3]− [pi4]) csc2 ( piR) cot( piR)
− γ
2
R2 csc
2
( pi
R
)(
[Π]3 − 3[Π][Π2] + 2[Π3]− 3
2
(3 + 10γ2)[pi3] +
3
2
(3− 10γ2)[pi3] cos
(
2pi
R
))
+
3γ2
R (3− γ
2)([Π]2 − [Π2]) cot
( pi
R
)
+
3
2
[Π]
(
−3− 10γ2 + 4γ4 + (3− 10γ2 + 4γ4) cos
(
2pi
R
))
−3R
4
(
−15− 11γ2 + 6γ4 + (15− 17γ2 + 6γ4) cos
(
2pi
R
))
sin
(
2pi
R
)]
, (85)
where the background metric and covariant derivatives are those of the unit-radius 4d de
Sitter space, and
γ =
1√
1 + (∂pi)
2
R2 sin2( piR)
. (86)
Since we have chosen the 4d space to have unit radius in dimensionless coordinates, pi and f
have mass dimension −1. In evaluating (58), we have used that fact that the scalar curvature
and cosmological constant of this space are R = 12 and Λ = 3 respectively, and the relations
Rµναβ =
R
12
(gµαgνβ − gµβgνα) and Rµν = R4 gµν valid for a maximally symmetric space. Given
a suitable combination of these Lagrangians so that a constant field pi(x) = pi0 = const. is
a solution to the equations of motion, f(pi0) = R sin
(
pi0
R
)
sets the radius of the de Sitter
brane. We call these Type I de Sitter DBI Galileons (see Figure 2).
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1. Killing vectors and symmetries
Once again, we calculate the transformation laws using conformal inflationary coordinates
(u, yi) on the de Sitter slices, even though they only cover half of each de Sitter slice. The
embedding becomes
Y 0 = R sin
( ρ
R
) 1
2u
(
1− u2 + y2) , (87)
Y 1 = R cos
( ρ
R
)
, (88)
Y 2 = R sin
( ρ
R
) 1
2u
(
1 + u2 − y2) , (89)
Y i+2 = R sin
( ρ
R
) yi
u
, i = 1, 2, 3 . (90)
The coordinate ranges are ρ ∈ (0, piR), u ∈ (0,∞) and yi ∈ (−∞,∞), and the induced
metric then becomes
ds2 = dρ2 +R2 sin2
( ρ
R
)[ 1
u2
(−du2 + dy2)] . (91)
The 15 Lorentz generators of M6 are all tangent to the dS5 hyperboloid, and become the
15 isometries of its so(5, 1) isometry algebra. Of these, 10 have no ∂ρ components and are
parallel to the dS4 foliation: these form the so(4, 1) isometry algebra of the dS4 slices,
− Y 2∂¯0 − Y 0∂¯2 → d = u∂u + yi∂i , (92)
−Y i+2∂¯0 − Y 0∂¯i+2 → j+i = uyi∂u +
1
2
(−1 + u2 − y2) ∂i + yiyj∂j, i = 1, 2, 3, (93)
−Y i+2∂¯2 + Y 2∂¯i+2 → j−i = uyi∂u +
1
2
(
1 + u2 − y2) ∂i + yiyj∂j, i = 1, 2, 3, (94)
Y i+2∂¯j+2 − Y j+2∂¯i+2 → jij = yi∂j − yj∂i, i, j = 1, 2, 3. (95)
Taking the combinations
pi = j
+
i − j−i = −∂i , (96)
ki = j
+
i + j
−
i = 2uyi∂u + (u
2 − y2)∂i + 2yiyj∂j , (97)
we then recognize pi and jij as translations and rotations on the y plane, while d and ki fill
out the so(4, 1) algebra.
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The remaining 5 Killing vectors do have a ∂ρ component,
− Y 1∂¯0 − Y 0∂¯1 → K = R
2u
(
1− u2 + y2) ∂ρ + 1
2
(
1 + u2 + y2
)
cot
( ρ
R
)
∂u + u cot
( ρ
R
)
yi∂i ,
−Y 2∂¯1 + Y 1∂¯2 → K ′ = R
2u
(
1 + u2 − y2) ∂ρ + 1
2
(
1− u2 − y2) cot( ρR) ∂u − u cot( ρR) yi∂i ,
−Y i+2∂¯1 + Y 1∂¯i+2 → Ki = R
u
yi∂ρ + yi cot
( ρ
R
)
∂u + u cot
( ρ
R
)
∂i, i = 1, 2, 3. (98)
Defining the following linear combinations,
K+ = K +K
′ =
R
u
∂ρ + cot
( ρ
R
)
∂u ,
K− = K −K ′ = R
u
(−u2 + y2) ∂ρ + (u2 + y2) cot( ρR) ∂u + 2u cot( ρR) yi∂i ,
Ki =
R
u
yi∂ρ + yi cot
( ρ
R
)
∂u + u cot
( ρ
R
)
∂i , (99)
and using the relation δKpi = K
5(x)−Kµ(x, pi)∂µpi from (24), we obtain the transformation
rules
δ+pi =
R
u
− cot
( pi
R
)
pi′ ,
δ−pi =
R
u
(−u2 + y2)− (u2 + y2) cot( piR) pi′ − 2u cot( piR) yi∂ipi ,
δipi =
R
u
yi − yi cot
( pi
R
)
pi′ − u cot
( pi
R
)
∂ipi , (100)
where pi′ ≡ ∂upi. The terms (85) are each invariant up to a total derivative under these
transformations, and the symmetry breaking pattern is
so(5, 1)→ so(4, 1) . (101)
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E. A de Sitter brane in an anti-de Sitter bulk: dS4 in AdS5
Using the description and notation for the AdS5 embedding in section IV B, the following
coordinates cover the intersection of the AdS5 hyperbola with the region Y
0 > R,
Y 0 = R cosh ρ ,
Y 1 = R sinh ρ sinh τ ,
Y 2 = R sinh ρ cosh τ cos θ1 ,
Y 3 = R sinh ρ cosh τ sin θ1 cos θ2 ,
Y 4 = R sinh ρ cosh τ sin θ1 sin θ2 cos θ3 , (102)
Y 5 = R sinh ρ cosh τ sin θ1 sin θ2 sin θ3 , (103)
(104)
where τ ∈ (−∞,∞), ρ ∈ (0,∞), and θi, i = 1, 2, 3 parametrize a 3-sphere.
The metric reads
ds2 = R2 [dρ2 + sinh2 ρ (−dτ 2 + cosh2 τ dΩ2(3))] . (105)
Scaling ρ, the metric becomes ds2 = dρ2 + R2 sinh2 ( ρR) ds2dS4 , where ds2dS4 is the global
metric on a four-dimensional de Sitter space dS4 of unit radius. The foliation by dS4 thus
corresponds to ρ = constant surfaces. These slices are given by intersecting the planes
Y 0 = constant with the hyperbola in the region Y 0 > R. (If we map Y 0 → −Y 0 then the
coordinates cover the region Y 0 < −R, and the metric remains identical to (105), and this
is the maximum extent to which we can extend the foliation.)
Comparing this with (12), we obtain
f(pi) = R sinh(pi/R), gµν = g(dS4)µν , (106)
and the terms (31) become (without integration by parts)
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L1 =
√−gR
4
32
(
12 pi − 8R sinh
(
2pi
R
)
+R sinh
(
4pi
R
))
, (107)
L2 = −
√−gR
4
γ
sinh4
( pi
R
)
, (108)
L3 =
√−g
[
γ2[pi3]−R2[Π] sinh2
( pi
R
)
+R3(5− γ2) sinh3
( pi
R
)
cosh
( pi
R
)]
, (109)
L4 =
√−g
[
2γ3
R2
(
[Π][pi3]− [pi4]) csch2 ( piR)− γ
(
[Π]2 − [Π2] + 8γ
2
R [pi
3] coth
( pi
R
))
(110)
+Rγ(4− γ2)[Π] sinh
(
2pi
R
)
+
3R2
γ
sinh2
( pi
R
)(
−2− 3γ2 + γ4 + (2− 3γ2 + γ4) cosh
(
2pi
R
))]
,
L5 =
√−g
[
3γ4
R4
(
2([pi5]− [Π][pi4]) + [pi3]([Π]2 − [Π2])) csch4 ( piR)
−18γ
4
R3
(
[Π][pi3]− [pi4]) csch2 ( piR) coth( piR)
− γ
2
R2 csch
2
( pi
R
)(
[Π]3 − 3[Π][Π2] + 2[Π3]− 3
2
(3 + 10γ2)[pi3] +
3
2
(3− 10γ2)[pi3] cosh
(
2pi
R
))
+
3γ2
R (3− γ
2)([Π]2 − [Π2]) coth
( pi
R
)
+
3
2
[Π]
(
−3− 10γ2 + 4γ4 + (3− 10γ2 + 4γ4) cosh
(
2pi
R
))
−3R
4
(
−15− 11γ2 + 6γ4 + (15− 17γ2 + 6γ4) cosh
(
2pi
R
))
sinh
(
2pi
R
)]
, (111)
where the background metric and covariant derivatives are those of the unit-radius 4d de
Sitter space, and
γ =
1√
1 + (∂pi)
2
R2 sinh2( piR)
. (112)
Given suitable combinations of these Lagrangians so that a constant field pi(x) = pi0 =
constant is a solution to the equations of motion, f(pi0) = R sinh
(
pi0
R
)
sets the radius of the
de Sitter brane. We call these Type III de Sitter DBI Galileons (see Figure 2).
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1. Killing vectors and symmetries
Once again we use conformal inflationary coordinates on the dS4 slices. The embedding
becomes,
Y 0 = R cosh
( ρ
R
)
, (113)
Y 1 = R sinh
( ρ
R
) 1
2u
(
1− u2 + y2) , (114)
Y 2 = R sinh
( ρ
R
) 1
2u
(
1 + u2 − y2) , (115)
Y i+2 = R sinh
( ρ
R
) yi
u
, i = 1, 2, 3 , (116)
where ρ ∈ (0,∞) and u ∈ (0,∞). The coordinate ranges are ρ ∈ (0,∞), u ∈ (0,∞),
yi ∈ (−∞,∞), and the induced metric is
ds2 = dρ2 +R2 sinh2
( ρ
R
)[ 1
u2
(−du2 + dy2)] . (117)
The 15 Lorentz generators of M4,2, MAB = YA∂¯B − YB∂¯A, are all tangent to the AdS5
hyperboloid, and become the 15 isometries of the so(4, 2) isometry algebra of AdS5. Of
these, 10 have no ∂ρ components and are parallel to the dS4 foliation. These form the
so(4, 1) isometry algebra of the dS4 slices
− Y 2∂¯1 − Y 1∂¯2 → d = u∂u + yi∂i , (118)
−Y i+2∂¯1 − Y 1∂¯i+2 → j+i = uyi∂u +
1
2
(−1 + u2 − y2) ∂i + yiyj∂j, i = 1, 2, 3, (119)
−Y i+2∂¯2 + Y 2∂¯i+2 → j−i = uyi∂u +
1
2
(
1 + u2 − y2) ∂i + yiyj∂j, i = 1, 2, 3, (120)
Y i+2∂¯j+2 − Y j+2∂¯i+2 → jij = yi∂j − yj∂i, i, j = 1, 2, 3. (121)
Taking the combinations
pi = j
+
i − j−i = −∂i , (122)
ki = j
+
i + j
−
i = 2uyi∂u + (u
2 − y2)∂i + 2yiyj∂j , (123)
we recognize pi and jij as translations and rotations on the y plane, with d and ki filling out
the rest of the so(4, 1) algebra.
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The remaining 5 Killing vectors do have a ∂ρ component,
Y 1∂¯0 − Y 0∂¯1 → K = R
2u
(
1− u2 + y2) ∂ρ + 1
2
(
1 + u2 + y2
)
coth
( ρ
R
)
∂u + u coth
( ρ
R
)
yi∂i ,
Y 2∂¯0 + Y
0∂¯2 → K ′ = R
2u
(
1 + u2 − y2) ∂ρ + 1
2
(
1− u2 − y2) coth( ρR) ∂u − u coth( ρR) yi∂i ,
Y i+2∂¯0 + Y
0∂¯i+2 → Ki = R
u
yi∂ρ + yi coth
( ρ
R
)
∂u + u coth
( ρ
R
)
∂i, i = 1, 2, 3.
Taking the following linear combinations
K+ = K +K
′ =
R
u
∂ρ + coth
( ρ
R
)
∂u ,
K− = K −K ′ = R
u
(−u2 + y2) ∂ρ + (u2 + y2) coth( ρR) ∂u + 2u coth( ρR) yi∂i ,
Ki =
R
u
yi∂ρ + yi coth
( ρ
R
)
∂u + u coth
( ρ
R
)
∂i , (124)
and using the relation δKpi = K
5(x)−Kµ(x, pi)∂µpi from (24), we obtain the transformation
rules
δ+pi =
R
u
− coth
( pi
R
)
pi′ ,
δ−pi =
R
u
(−u2 + y2)− (u2 + y2) coth( piR) pi′ − 2u coth( piR) yi∂ipi ,
δipi =
R
u
yi − yi coth
( pi
R
)
pi′ − u coth
( pi
R
)
∂ipi ,
(125)
where pi′ ≡ ∂upi.
The terms (111) are each invariant up to a total derivative under these transformations, and
the symmetry breaking pattern is
so(4, 2)→ so(4, 1) . (126)
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F. An anti-de Sitter brane in an anti-de Sitter bulk: AdS4 in AdS5
Using the description and notation for the AdS5 embedding from section IV B, hyperbolic
coordinates on AdS5 are
Y 0 = R cos τ cosh ρ coshψ ,
Y 1 = R sin τ cosh ρ coshψ ,
Y 2 = R sinh ρ ,
Y 3 = R cosh ρ sinhψ cos θ1 ,
Y 4 = R cosh ρ sinhψ sin θ1 cos θ2 ,
Y 5 = R cosh ρ sinhψ sin θ1 sin θ2 , (127)
where τ ∈ (−pi, pi) (the universal cover is obtained by extending this to τ ∈ (−∞,∞)),
ρ ∈ (−∞,∞), ψ ∈ (0,∞), and θ1, θ2 parametrize a 2-sphere. These coordinates cover the
entire AdS5 hyperbola, and after extending τ , the whole of AdS5.
The metric reads
ds2 = R2 [dρ2 + cosh2 ρ (− cosh2 ψ dτ 2 + dψ2 + sinh2 ψ dΩ2(2))] , (128)
and after scaling ρ, this becomes ds2 = dρ2 + R2 cosh2 ( ρR) ds2AdS4 , where ds2AdS4 is the
global metric on an anti-de Sitter space AdS4 of unit radius. The foliation by AdS4 thus
corresponds to ρ = constant surfaces, and these slices are given by intersecting the planes
Y 2 = constant with the hyperbola. This foliation covers the entire AdS5 space.
Comparing this with (12), we obtain
f(pi) = R cosh(pi/R), gµν = g(AdS4)µν , (129)
and the terms (31) become (without any integrations by parts)
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L1 =
√−gR
4
32
(
12 pi + 8R sinh
(
2pi
R
)
+R sinh
(
4pi
R
))
, (130)
L2 = −
√−gR
4
γ
cosh4
( pi
R
)
, (131)
L3 =
√−g
[
γ2[pi3]−R2[Π] cosh2
( pi
R
)
+R3(5− γ2) cosh3
( pi
R
)
sinh
( pi
R
)]
, (132)
L4 =
√−g
[
2γ3
R2
(
[Π][pi3]− [pi4]) sech2 ( piR)− γ
(
[Π]2 − [Π2] + 8γ
2
R [pi
3] tanh
( pi
R
))
(133)
+Rγ(4− γ2)[Π] sinh
(
2pi
R
)
+
3R2
γ
cosh2
( pi
R
)(
2 + 3γ2 − γ4 + (2− 3γ2 + γ4) cosh
(
2pi
R
))]
,
L5 =
√−g
[
3γ4
R4
(
2([pi5]− [Π][pi4]) + [pi3]([Π]2 − [Π2])) sech4 ( piR)
−18γ
4
R3
(
[Π][pi3]− [pi4]) sech2 ( piR) tanh( piR)
− γ
2
R2 sech
2
( pi
R
)(
[Π]3 − 3[Π][Π2] + 2[Π3] + 3
2
(3 + 10γ2)[pi3] +
3
2
(3− 10γ2)[pi3] cosh
(
2pi
R
))
+
3γ2
R (3− γ
2)([Π]2 − [Π2]) tanh
( pi
R
)
+
3
2
[Π]
(
3 + 10γ2 − 4γ4 + (3− 10γ2 + 4γ4) cosh
(
2pi
R
))
−3R
4
(
15 + 11γ2 − 6γ4 + (15− 17γ2 + 6γ4) cosh
(
2pi
R
))
sinh
(
2pi
R
)]
, (134)
where the background metric and covariant derivatives are those of a unit-radius AdS4, and
γ =
1√
1 + (∂pi)
2
R2 cosh2( piR)
. (135)
In evaluating (58), we have used that fact that the scalar curvature and cosmological constant
of the unit-radius AdS4 are R = −12 and Λ = −3 respectively, as well as the relations
Rµναβ =
R
12
(gµαgνβ − gµβgνα), Rµν = R4 gµν valid for a maximally symmetric space. Given
suitable combinations of these Lagrangians so that a constant field pi(x) = pi0 = constant
is a solution to the equations of motion, f(pi0) = R cosh
(
pi0
R
)
sets the radius of the anti-de
Sitter brane. We call these anti-de Sitter DBI Galileons (see Figure 2).
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1. Killing vectors and symmetries
We use Poincare coordinates (u, x0, x1, x2) on the AdS4 slices. The embedding becomes,
Y 0 = R cosh
( ρ
R
) 1
2u
(
1 + u2 + x2
)
, (136)
Y 1 = R cosh
( ρ
R
) x0
u
, (137)
Y 2 = R sinh
( ρ
R
)
, (138)
Y 3 = R cosh
( ρ
R
) 1
2u
(
1− u2 − x2) , (139)
Y i+3 = R cosh
( ρ
R
) xi
u
, i = 1, 2 . (140)
Here x2 ≡ ηijxixj, where ηij = diag(−1, 1, 1) is the Minkowski 3-metric. The coordinate
ranges are ρ ∈ (0,∞), u ∈ (0,∞) and xi ∈ (−∞,∞), and the induced metric is
ds2 = dρ2 +R2 cosh2
( ρ
R
)[ 1
u2
(
du2 + ηijdx
idxj
)]
. (141)
The 15 Lorentz generators of M4,2 are all tangent to the AdS5 hyperboloid, and become the
15 isometries of the so(4, 2) isometry algebra of AdS5. Of these, 10 have no ∂ρ components
and are parallel to the AdS4 foliation - these form the so(3, 2) isometry algebra of the AdS4
slices,
− Y 3∂¯0 − Y 0∂¯3 → u∂u + xi∂i ,
−Y 1∂¯0 + Y 0∂¯1 → ux0∂u + 1
2
(
1 + u2 + x2
)
∂0 + x
0xj∂j ,
−Y i+3∂¯0 − Y 0∂¯i+3 → uxi∂u − 1
2
(
1 + u2 + x2
)
∂i + xix
j∂j, i = 1, 2
−Y 3∂¯1 − Y 1∂¯3 → ux0∂u + 1
2
(−1 + u2 + x2) ∂0 + x0xj∂j ,
−Y i+3∂¯3 + Y 3∂¯i+3 → uxi∂u − 1
2
(−1 + u2 + x2) ∂i + xixj∂j, i = 1, 2
Y i+3∂¯1 + Y
1∂¯i+3 → xi∂0 + x0∂i, i = 1, 2
Y 5∂¯4 + Y
4∂¯5 → x2∂1 − x1∂2 , (142)
where the sums are over j = 0, 1, 2, and indices are raised and lowered with ηij. These may
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be grouped as
d = u∂u + x
i∂i , (143)
j+i = uxi∂u −
1
2
(
1 + u2 + x2
)
∂i + xix
j∂j, i = 0, 1, 2 (144)
j−i = uxi∂u −
1
2
(−1 + u2 + x2) ∂i + xixj∂j, i = 0, 1, 2 (145)
jij = xi∂j − xj∂i, i, j = 0, 1, 2 , (146)
and by taking the combinations
pi = j
+
i − j−i = −∂i , (147)
ki = j
+
i + j
−
i = 2uxi∂u − (u2 + x2)∂i + 2xixj∂j , (148)
we recognize pi and jij as translations and rotations on the x-space, with d and ki filling out
the rest of the so(3, 2) algebra.
The remaining 5 Killing vectors do have a ∂ρ component,
Y 2∂¯0 + Y
0∂¯2 → K = R
2u
(
1 + u2 + x2
)
∂ρ +
1
2
(
1− u2 + x2) tanh( ρR) ∂u − u tanh( ρR)xi∂i ,
Y 3∂¯2 − Y 2∂¯3 → K ′ = R
2u
(
1− u2 − x2) ∂ρ + 1
2
(
1 + u2 − x2) tanh( ρR) ∂u + u tanh( ρR)xi∂i ,
Y 2∂¯1 + Y
1∂¯2 → R
u
x0∂ρ + x
0 tanh
( ρ
R
)
∂u + u tanh
( ρ
R
)
∂0 ,
Y i+3∂¯2 − Y 2∂¯i+3 → R
u
xi∂ρ + x
i tanh
( ρ
R
)
∂u − u tanh
( ρ
R
)
∂i, i = 1, 2 ,
which may be combined to form
K+ = K +K
′ =
R
u
∂ρ + tanh
( ρ
R
)
∂u ,
K− = K −K ′ = R
u
(
u2 + x2
)
∂ρ +
(−u2 + x2) tanh( ρR) ∂u − 2u tanh( ρR)xi∂i ,
Ki =
R
u
xi∂ρ + xi tanh
( ρ
R
)
∂u − u tanh
( ρ
R
)
∂i, i = 0, 1, 2. (149)
Using the relation δKpi = K
5(x) − Kµ(x, pi)∂µpi from (24), we obtain the transformation
rules
δ+pi =
R
u
− tanh
( pi
R
)
pi′ , (150)
δ−pi =
R
u
(
u2 + x2
)− (−u2 + x2) tanh( piR) pi′ + 2u tanh( piR)xi∂ipi , (151)
δipi =
R
u
xi − xi tanh
( pi
R
)
pi′ + u tanh
( pi
R
)
∂ipi, i = 0, 1, 2 , (152)
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where pi′ ≡ ∂upi.
The terms (134) are each invariant up to a total derivative under these transformations, and
the symmetry breaking pattern is
so(4, 2)→ so(3, 2) . (153)
V. SMALL FIELD LIMITS: THE ANALOGUES OF GALILEONS
The Lagrangians we have uncovered have a fairly complicated, non-polynomial form. We
know in the Minkowski case that the special case of the Galileon symmetry arises in a
particular limit [37], and that this limit greatly simplifies the actions. In this section, we
consider similar limits for the general theories we have constructed.
Consider a Lagrangian L that may be expanded in some formal series in a parameter λ as
L = λn (L(0) + λL(1) + λ2L(2) + · · · ) , (154)
where n is an integer, indicating that the series need not start at order λ0. Suppose L
possesses a symmetry that may also be expanded in such a series
δpi = λm
(
δ(0)pi + λδ(1)pi + λ
2δ(2)pi + · · ·
)
, (155)
where m is another integer, again indicating that this series also need not start at order λ0.
The statement that δpi is a symmetry of L is
δELL
δpi
δpi ' 0 , (156)
where δ
ELL
δpi
is the Euler-Lagrange derivative and ' indicates equality up to a total derivative.
Expanding (156) in powers of λ yields a series of equations
δELL(0)
δpi
δ(0)pi ' 0 , (157)
δELL(1)
δpi
δ(0)pi +
δELL(0)
δpi
δ(1)pi ' 0 ,
... (158)
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with the first of these indicating that δ(0) is a symmetry of L(0). Our goal in this section is
to seek expansions of this form for the various examples we have constructed, in order to
find simpler, but still non-trivial, theories with the same number of symmetries.
The expansion we choose is one in powers of the field pi around some background. We
expand pi around a constant background value pi0 and let λ count powers of the deviation
from this background; i.e. we make the replacement
pi → pi0 + λpi , (159)
and then expand the Lagrangians and symmetries in powers of λ.
Applying this small field limit to the DBI Galileons (34) gives rise to the original Galileons
first studied in [4]. These are, up to total derivatives,
L2 = pi ,
L2 = −1
2
(∂pi)2 ,
L3 = −1
2
(∂pi)2[Π] ,
L4 = −1
2
(∂pi)2
(
[Π]2 − [Π2]) ,
L5 = −1
2
(∂pi)2
(
[Π]3 − 3[Π][Π2] + 2[Π3]) . (160)
Note that lower order terms in the expansion are total derivatives. For example, in the
expansion of L4 there exists an O (pi2) piece, but this is a total derivative in Minkowski
space, and the first non-trivial term is the O (pi4) piece shown above.
Applying the small field limit to the transformation laws (37) yields
δpi = 1 ,
δµpi = xµ , (161)
under which the terms (160) are invariant. This is the original Galilean symmetry considered
in [4]. The small field limit can also be applied to the case of a flat brane embedded in an
AdS5 bulk (43), but the resulting actions and transformation laws are identical to those
of (160), (161).
Applying this technique to a de Sitter brane embedded in a flat bulk, we expand (58) around
some constant background. The following linear combinations allow us to successively cancel
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the lowest order terms in λ up to total derivatives on dS4, yielding terms which start at order
λ, λ2, etc.
L¯1 = 1
pi40
L1 =
√−gpi ,
L¯2 = 1
pi20
(
L2 + 4
pi0
L1
)
= −1
2
√−g ((∂pi)2 − 4pi2) ,
L¯3 = L3 + 6
pi0
L2 + 12
pi20
L1 =
√−g
(
−1
2
(∂pi)2[Π]− 3(∂pi)2pi + 4pi3
)
,
L¯4 = pi20
(
L4 + 6
pi0
L3 + 18
pi20
L2 + 24
pi30
L1
)
=
√−g
[
−1
2
(∂pi)2
(
[Π]2 − [Π2] + 1
2
(∂pi)2 + 6pi[Π] + 18pi2
)
+ 6pi4
]
,
L¯5 = pi40
(
L5 + 4
pi0
L4 + 12
pi20
L3 + 24
pi30
L2 + 24
pi40
L1
)
=
√−g
[
−1
2
(
(∂pi)2 +
1
5
pi2
)(
[Π]3 − 3[Π][Π2] + 2[Π3])
−12
5
pi(∂pi)2
(
[Π]2 − [Π2] + 27
12
[Π]pi + 5pi2
)
+
24
5
pi5
]
. (162)
Scaling the coordinates to (uˆ, yˆi) ≡ (Lu, Lyi), carrying dimensions of length, the dS4 curva-
ture becomes R = 12
L2
, and canonically normalizing the field to pˆi = 1
L2
pi, we then obtain
Lˆ1 =
√−gpˆi ,
Lˆ2 = −1
2
√−g
(
(∂pˆi)2 − 4
L2
pˆi2
)
,
Lˆ3 =
√−g
(
−1
2
(∂pˆi)2[Πˆ]− 3
L2
(∂pˆi)2pˆi +
4
L4
pˆi3
)
,
Lˆ4 =
√−g
[
−1
2
(∂pˆi)2
(
[Πˆ]2 − [Πˆ2] + 1
2L2
(∂pˆi)2 +
6
L2
pˆi[Πˆ] +
18
L4
pˆi2
)
+
6
L6
pˆi4
]
,
Lˆ5 =
√−g
[
−1
2
(
(∂pˆi)2 +
1
5L2
pˆi2
)(
[Πˆ]3 − 3[Πˆ][Πˆ2] + 2[Πˆ3]
)
− 12
5L2
pˆi(∂pˆi)2
(
[Πˆ]2 − [Πˆ2] + 27
12L2
[Πˆ]pˆi +
5
L4
pˆi2
)
+
24
5L8
pˆi5
]
, (163)
where Lˆn = 1L4n+2 L¯n.
These expressions are invariant under the lowest order symmetry transformations obtained
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by taking the small field limit of (68),
δ+pˆi =
1
u
(
u2 − y2) ,
δ−pˆi = −1
u
,
δipˆi =
yi
u
. (164)
The terms (163) are Galileons which naturally live in de Sitter space, and become the original
Galileons in the limit where the dS4 radius goes to infinity. They have the same number
of nonlinear shift-like symmetries as the original flat space Galileons, despite the fact that
they live on a curved space. As such, we anticipate them being naturally suited to models
of inflation and dark energy.
Another fascinating new feature that is not shared by the original Galileons is the existence
of a potential. In particular, the quadratic term Lˆ2 comes with a mass term of order the
4d de Sitter radius. The symmetries (164) fix the value of the mass (in fact, each of the
symmetries in (164) is alone sufficient to fix the mass). If the coefficient of Lˆ2 is chosen to
be positive, so that the scalar field is not a ghost, then this mass is tachyonic. However, this
instability is not necessarily worrisome because its timescale is of order the de Sitter time.
Furthermore, this small mass should not be renormalized, because its value is protected
by symmetry. The higher terms also come with cubic, quartic, and quintic terms in the
potential, with values tied to the kinetic structure by the symmetries.
The small field limit may also be applied to the examples of a de Sitter brane embedded in
either a de Sitter (85) or anti-de Sitter (111) bulk. The resulting actions and transformation
laws are identical to those of (163) and (164).
Finally, we apply the small field expansion to the case of an anti-de Sitter brane embedded
in an anti-de Sitter bulk, by expanding the terms (134) around a constant background pi0. In
a similar manner to the previous case, the following linear combinations yield terms which
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start at order λ, λ2, etc. up to total derivatives.
L¯1 = 1
L4
L1 =
√−gpi ,
L¯2 = 1
L2
[
L2 + 4R tanh
(pi0
R
)
L1
]
= −1
2
√−g ((∂pi)2 + 4pi2) ,
L¯3 = L3 + 6R tanh
(pi0
R
)
L2 + 4R2
(
2− 3 sech2
(pi0
R
))
L1 =
√−g
(
−1
2
(∂pi)2[Π] + 3(∂pi)2pi + 4pi3
)
,
L¯4 = L2
[
L4 + 6R tanh
(pi0
R
)
L3 + 6R2
(
4− 3 sech2
(pi0
R
))
L2 − 24R3 sech
2
(pi0
R
)
tanh
(pi0
R
)
L1
]
=
√−g
[
−1
2
(∂pi)2
(
[Π]2 − [Π2]− 1
2
(∂pi)2 − 6pi[Π] + 18pi2
)
− 6pi4
]
,
L¯5 = L4
[
L5 + 4R tanh
(pi0
R
)
L4 + 3R2
(
5− 4 sech2
(pi0
R
))
L3
+
12
R3 sech
3
(pi0
R
)(
sinh
(
3pi0
R
)
− sinh
(pi0
R
))
L2 + 24R4 sech
4
(pi0
R
)
L1
]
=
√−g
[
−1
2
(
(∂pi)2 − 1
5
pi2
)(
[Π]3 − 3[Π][Π2] + 2[Π3])
+
12
5
pi(∂pi)2
(
[Π]2 − [Π2]− 27
12
[Π]pi + 5pi2
)
+
24
5
pi5
]
, (165)
where L = R cosh4 (pi0R ) is the AdS3,1 radius.
Scaling the coordinates to (uˆ, xˆi) ≡ (Lu, Lyi) so that they carry dimensions of length, the
AdS4 curvature becomes R = − 12L2 , and canonically normalizing the field to pˆi = 1L2pi, we
then obtain
Lˆ1 =
√−gpˆi ,
Lˆ2 = −1
2
√−g
(
(∂pˆi)2 +
4
L2
pˆi2
)
,
Lˆ3 =
√−g
(
−1
2
(∂pˆi)2[Πˆ] +
3
L2
(∂pˆi)2pˆi +
4
L4
pˆi3
)
,
Lˆ4 =
√−g
[
−1
2
(∂pˆi)2
(
[Πˆ]2 − [Πˆ2]− 1
2L2
(∂pˆi)2 − 6
L2
pˆi[Πˆ] +
18
L4
pˆi2
)
− 6
L6
pˆi4
]
,
Lˆ5 =
√−g
[
−1
2
(
(∂pˆi)2 − 1
5L2
pˆi2
)(
[Πˆ]3 − 3[Πˆ][Πˆ2] + 2[Πˆ3]
)
+
12
5L2
pˆi(∂pˆi)2
(
[Πˆ]2 − [Πˆ2]− 27
12L2
[Πˆ]pˆi +
5
L4
pˆi2
)
+
24
5L8
pˆi5
]
, (166)
where Lˆn = 1L4n+2 L¯n.
These terms are invariant under the lowest order symmetry transformations obtained by
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taking the small field limit of (152)
δ+(0)pˆi =
R
u
,
δ−(0)pˆi =
R
u
(
u2 + x2
)
,
δi(0)pˆi =
R
u
xi, i = 0, 1, 2 .
(167)
These are Galileons that live on anti-de Sitter space. In this case, the quadratic term comes
with a non-tachyonic mass of order the AdS4 radius.
While we have focused on the construction of new effective field theories through the small
field expansion of embedded brane models, it is important to note that there may well
exist other expansions that lead to different theories in the limit. For the example of a flat
brane embedded in an anti-de Sitter bulk (43), the theory admits an expansion in powers of
derivatives. Up to total derivatives, the derivative expansion yields
L¯1 = 1RL1 = −
1
4
e−4pˆi ,
L¯2 = 1R2
(
L2 − 4RL1
)
= −1
2
e−2pˆi(∂pˆi)2 ,
L¯3 = 1R3
(
L3 − 6RL2 +
8
R2L1
)
= −1
2
(∂pˆi)2pˆi + 1
4
(∂pˆi)4 ,
L¯4 = 1R4
(
L4 − 6RL3 +
24
R2L2
)
= −1
2
e2pˆi(∂pˆi)2
(
[Πˆ]2 − [Πˆ2] + 2
5
((∂pˆi)2pˆi − [pˆi3]) + 3
10
(∂pˆi)4
)
,
L¯5 = 1R5
(
L5 − 4RL4 +
15
R2L3 −
48
R3L2
)
= −1
2
e4pˆi(∂pˆi)2
[
[Πˆ]3 − 3[Πˆ][Πˆ2] + 2[Πˆ3] + 3(∂pˆi)2([Πˆ]2 − [Πˆ2])
+
30
7
(∂pˆi)2((∂pˆi)2[Πˆ]− [pˆi3])− 3
28
(∂pˆi)6
]
, (168)
where pˆi ≡ pi/R. These are the conformal Galileons [4, 19, 37]. Their transformation laws
come from applying the derivative expansion to the transformation laws (52),
δpˆi = 1− xµ∂µpˆi,
δµpˆi = 2xµ + x
2∂µpˆi − 2xµxν∂ν pˆi . (169)
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In taking the limit in powers of derivatives, we must remember that the explicit factors of
the coordinates in the transformation laws are assigned a power of inverse derivatives. The
terms (168) are each invariant up to a total derivative under (169). As mentioned in [37],
it is remarkable that this limit does not alter the commutation relations of the symmetries,
so that the algebra remains so(4, 2).
The derivative expansion can also be applied to the DBI Galileons (34). The result is
identical to the small field limit, since the powers of pi and powers of ∂ within each limiting
Lagrangian are identical.
A derivative expansion does not, however, seem applicable in general. To see the problem,
attempt to construct an order four derivative term from the general Lagrangians in (31). It
is necessary to find a constant A such that the two derivative part in the expression L3+AL2
is a total derivative. The two derivative part reads
√−g (3ff ′ − A
2
f 2
)
(∂pi)2, up to a total
derivative, and for this to vanish we must have f ∝ eApi/6. The only cases of ours that
conform to this are the conformal DBI Galileons (A 6= 0) and the ordinary DBI Galileons
(A = 0).
A. Symmetry breaking and ghosts
By writing the actions of the previous section in terms of the scalar curvature, R = 12
L2
for
dS4, R = − 12L2 for AdS4, and R = 0 for M4, it is possible to combine the dS4 Galileons (163),
the AdS4 Galileons (166) and the flat space Galileons (160) into the single set of expressions
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Lˆ1 =
√−gpˆi ,
Lˆ2 = −1
2
√−g
(
(∂pˆi)2 − R
3
pˆi2
)
,
Lˆ3 =
√−g
(
−1
2
(∂pˆi)2[Πˆ]− R
4
(∂pˆi)2pˆi +
R2
36
pˆi3
)
,
Lˆ4 =
√−g
[
−1
2
(∂pˆi)2
(
[Πˆ]2 − [Πˆ2] + R
24
(∂pˆi)2 +
R
2
pˆi[Πˆ] +
R2
8
pˆi2
)
+
R3
288
pˆi4
]
,
Lˆ5 =
√−g
[
−1
2
(
(∂pˆi)2 +
R
60
pˆi2
)(
[Πˆ]3 − 3[Πˆ][Πˆ2] + 2[Πˆ3]
)
−R
5
pˆi(∂pˆi)2
(
[Πˆ]2 − [Πˆ2] + 3R
16
[Πˆ]pˆi +
5R2
144
pˆi2
)
+
R4
4320
pˆi5
]
. (170)
Focusing on Lˆ2, we note that the non-linear symmetries fix the sign of the mass term relative
to that of the kinetic term. Therefore, in de Sitter space, where R is positive, the scalar
is either a tachyon or a ghost, depending on the overall sign of Lˆ2. In AdS on the other
hand, where R < 0, the scalar can be stable and ghost free if the sign of Lˆ2 is chosen to be
positive2.
The presence of a tachyon suggests spontaneous symmetry breaking, as there may be higher
order terms in the potential which stabilize it. In this section, we explore the possibility
of using the tachyon of the de Sitter Galileons to induce spontaneous symmetry breaking.
More specifically, consider imposing a Z2 symmetry pi → −pi, which forbids the odd terms
Lˆ3 and Lˆ5.3 In the dS case and AdS case respectively, a symmetry breaking potential can
be achieved by choosing
Lˆ2 − aLˆ4, dS , (171)
−Lˆ2 + aLˆ4. AdS , (172)
2 A scalar in AdS can tolerate a slightly negative mass without instability. Any mass squared larger than
the Breitenhloer Friedman bound m2 ≥ − 94L2 = 316R is stable [51]. However, we cannot make use of this
in any way, since the AdS scalar is ghostlike whenever its mass squared is negative.
3 This is interesting in its own right. Imposing this symmetry on the original Galileons gives an interacting
scalar field theory which in suitable regimes has only one possible interaction term Lˆ4, which furthermore
is not renormalized. This is the co-dimension one version of introducing an internal so(N) symmetry in
a theory with a multiplet of N Galileons, which also yields a single possible interaction term [5].
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Ghost kinetic term (AdS)
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Normal kinetic term (AdS)
FIG. 3: Z2 symmetry breaking for the dS/AdS Galileons.
with coupling constant a > 0. In both cases, the potential is
V (pi) =
|R|
288
(−48pi2 + aR2pi4) . (173)
This has a Z2 preserving vacuum at pi = 0 and Z2 breaking vacua at pi = ±
√
24
a
1
|R| .
None of these vacua alter any of the Galilean symmetries of these models. Thus, expanding
around one of the minima (the positive one, say), we obtain a Lagrangian which is also a
combination of the terms (170), with coefficients depending only on the original coefficient
a,
− 2Lˆ2 −
√
6aLˆ3 − aLˆ4, dS , (174)
2Lˆ2 −
√
6aLˆ3 + aLˆ4. AdS . (175)
In the dS case, the field has a normal sign kinetic term around the tachyonic pi = 0 solution,
and a ghostly kinetic term around the symmetry breaking vacuum. In the AdS case, the
field is a ghost around the tachyonic pi = 0 solution, and is ghost-free around the symmetry
breaking vacuum. In this case we see a version of ghost condensation along with the usual
tachyon condensation. See figure 3.
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VI. CONCLUSIONS
The DGP model has led to a fertile area of research, both in five dimensional braneworld
models and in the 4d effective field theories to which they lead. The Galileon theory exhibits
a fascinating structure, terminating after a finite number of terms and obeying a nontrivial
symmetry group arising from combinations of the higher dimensional symmetries. Perhaps
most interestingly, the Galileon theories admit a non-renormalization theorem, which some
authors have suggested makes them well-suited for applications to inflation and the late-time
acceleration of the universe.
In this paper we have shown that the Galileon theory is a special case of a class of effective
field theories that may be identified by embedding a brane solution with a general set of
symmetries in a bulk of a similarly general structure. The theories obtained in this way
may be interesting as examples of higher dimensional gravitating theories, or may merely
provide new nontrivial examples of 4d effective field theories.
We have derived the general conditions for the brane constructions and for obtaining the
associated four-dimensional effective theories. We have then applied this construction com-
prehensively to all possible special cases in which both the brane and the bulk are maximally
symmetric spaces in their respective dimensionalities (with the bulk metric having only a
single time direction). The results are new classes of effective field theories, sharing the
important properties of the Galileons, while exhibiting distinctive new features, such as the
existence of potentials, with masses fixed by symmetries. These potentials open up the
possibility of new natural implementations of accelerating cosmological solutions in theories
naturally having a de Sitter solution.
Furthermore, in some cases the potentials allow both spontaneous symmetry breaking and
ghost condensation at the same time. This may allow for other new consequences of these
theories, including the possibility of novel topological defects in these theories. We are
currently studying these implications [52].
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Appendix A: Some useful expressions
Here we collect some expressions useful in the calculation leading to (31).
First some transformations in which we set g¯µν = g˜µν + ∂µpi∂νpi. Define
γ =
1√
1 + g˜µν∂µpi∂νpi
, Π˜µν = ∇˜µ∇˜νpi . (A1)
Brackets with tildes denote a trace with respect to g˜µν , e.g. [Π˜] = g˜µν∇˜µ∇˜νpi, [Π˜2] =
g˜αµg˜βν∇˜µ∇˜νpi∇˜α∇˜βpi, etc. and [p˜i2] = g˜µν∇˜µpi∇˜νpi, [p˜i3] = g˜αµg˜βν∇˜αpi∇˜µ∇˜νpi∇˜βpi, etc.
We have,
Γ¯λµν = Γ
λ
µν + γ
2Π˜µν∇˜λpi , (A2)
R¯αβµν = R˜
α
βµν − γ2R˜γβµν∇˜γpi∇˜αpi + 2γ2
(
Π˜ α[µ Π˜ν]β − γ2Π˜γ[µΠ˜ν]β∇˜αpi∇˜γpi
)
, (A3)
R¯µν = R˜µν − γ2R˜αµβν∇˜αpi∇˜βpi
+γ2
[(
[Π˜]− γ2[p˜i3]
)
Π˜µν − Π˜2µν + γ2Π˜µαΠ˜νβ∇˜αpi∇˜βpi
]
, (A4)
R¯ = R˜− 2γ2R˜µν∇˜µpi∇˜νpi + γ2
(
[Π˜]2 − [Π˜2]
)
+ 2γ4
(
[p˜i4]− [p˜i3][Π˜]
)
. (A5)
For performing the conformal transformation, g˜µν = f
2gµν , we use
Γ˜ρµν = Γ
ρ
µν + f
−1 (δρµ∂νf + δρν∂µf − gµνgρσ∂σf) , (A6)
R˜ρσµν = R
ρ
σµν + 2
(
−f
′′
f
+ 2
f ′2
f 2
)
δρ[µ∇ν]pi∇σpi − 2
f ′
f
δρ[µ∇ν]∇σpi
+2
(
f ′′
f
− 2f
′2
f 2
)
gσ[µ∇ν]pi∇ρpi + 2f
′
f
gσ[µ∇ν]∇ρpi + 2f
′2
f 2
gσ[µδ
ρ
ν](∇pi)2 ,
R˜µν = Rµν + 2
(
2
f ′2
f 2
− f
′′
f
)
∇µpi∇νpi − 2f
′
f
Πµν − gµν
(
f ′
f
[Π] +
(
f ′′
f
+
f ′2
f 2
)
[pi2]
)
,
R˜ =
1
f 2
R− 6
f 3
(
f ′′[pi2] + f ′[Π]
)
. (A7)
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The transformation of the matrix of derivatives is
Π˜µν = Πµν − 2f
′
f
∇µpi∇νpi + gµν f
′
f
[pi2] , (A8)
and, finally, some useful relations for the contractions are
˜[Π] =
1
f 2
[Π] + 2
f ′
f 3
[pi2] , (A9)
˜[Π2] =
1
f 4
[Π2] + 2
f ′
f 5
(
[Π][pi2]− 2[pi3])+ 4f ′2
f 6
[pi2]2 , (A10)
˜[pi2] =
1
f 2
[pi2] , (A11)
˜[pi3] =
1
f 4
[pi3]− f
′
f 5
[pi2]2 , (A12)
˜[pi4] =
1
f 6
[pi4]− 2 f
′
f 7
[pi3][pi2] +
f ′2
f 8
[pi2]3 . (A13)
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